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3.2 Unilateral Amplifier Design - Gain Circles

ΓinΓs ΓLΓout

Input
Matching
Network

Output
Matching
Network

Transistor
S

Z o

Z

~

o

gV

Figure 3.2: Amplifier with device and source and load matching networks.

When designing an amplifier, we typically design matching networks at the source and load as shown in
Fig. (3.2) with values ofΓs andΓL such that a given set of design criteria for the amplifier are met (gain,
stability, noise performance, bandwidth, etc.).

In order to obtain a specified gain, we can use the method of constant gain circles, which are circles of values
of Γs andΓL which give constant gain. For a unilateral device,

GTU = GsGoGL (3.36)

where

Gs =
1 − |Γs|2

|1 − ΓsS11|2
GL =

1 − |ΓL|2
|1 − ΓLS22|2

(3.37)

The maximum values of the source and load gain factors are

Gs,max = Gs|Γs=S∗

11
(conjugate match)

=
1 − |S11|2
|1 − |S11|2|2

=
1

1 − |S11|2
(3.38)

GL,max = Gs|ΓL=S∗

22
(conjugate match)

=
1

1 − |S22|2
(3.39)

In terms of the maximum values, we define normalized gains,

gs =
Gs

Gs,max
=

(1 − |Γs|2)(1 − |S11|2)
|1 − S11Γs|2

(3.40)

gL =
GL

GL,max
=

(1 − |ΓL|2)(1 − |S22|2)
|1 − S22ΓL|2

(3.41)

so that0 ≤ gs ≤ 1 and0 ≤ gL ≤ 1.

If we want to design for a specified value ofgs, then rearranging the expression for normalized gain gives

gs|1 − S11Γs|2 = (1 − |Γs|2)(1 − |S11|2)
gs(1 − S11Γs − S∗

11Γ
∗
s + |S11|2|Γs|2) = 1 − |S11|2 − |Γs|2 + |S11Γs|2

(gs|S11|2 + 1 − |S11|2)|Γs|2 − gs(S11Γs + S∗
11Γ

∗
s) = 1 − |S11|2 − gs (3.42)
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This can be placed in the form

ΓsΓ
∗
s −

gs(S11Γs + S∗
11Γ

∗
s)

1 − (1 − gs)|S11|2
=

1 − |S11|2 − gs

1 − (1 − gs)|S11|2
(3.43)

We will now show that this is an equation for a circle in theΓs plane. The equation for a circle with center
C and radiusr in the complex plane is

r2 = |z − C|2

= (z − C)(z∗ − C∗)

= zz∗ − (C∗z + Cz∗) + |C|2 (3.44)

By comparing Eqs. (3.43) and (3.44), we can see thatΓs lies on a circle with center at

Cs =
gsS

∗
11

1 − (1 − gs)|S11|2
(3.45)

The radius of the circle is given by

r2
s = |Cs|2 +

1 − |S11|2 − gs

1 − (1 − gs)|S11|2

=
(1 − |S11|2 − gs)[1 − (1 − gs)|S2

11|] + g2
s |S11|2

[1 − (1 − gs)|S11|2]2

=
(1 − gs)(|S11|4 − 2|S11|2 + 1)

[1 − (1 − gs)|S11|2]2

=
(1 − gs)(1 − |S11|2)2
[1 − (1 − gs)|S11|2]2

(3.46)

so that

rs =

√
1 − gs(1 − |S11|2)

1 − (1 − gs)|S11|2
(3.47)

The centerCL and radiusrL of theΓL circle for a constant value ofgL can be obtained from Eqs. (3.45)
and (3.47) by replacinggs with gL andS11 with S22.

These results lead to a design procedure for a desired value of the gain:

1. FromGTU = Gs|S21|2GL, determine desired values forGs andGL. One approach is to conjugate
match the input port so thatGs = Gs,max, and then chooseGL to obtain the desired gain.

2. Compute the normalized gainsgs andgL.

3. Compute the load gain circle center and radius,CL andrL. If the source is not conjugate matched,
compute the source gain circle center and radiusCs andrs also.

4. Choose convenient values ofΓs andΓL on these circles. Any value on the circle will meet the gain
target, so we need some way to choose a particular value. One possibility is to choose the reflection
coefficient with smallest magnitude (|Γ| closest to zero). Later, we will consider other performance
metrics such as noise figure that will dictate the choices ofΓs andΓL.
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5. Find the source network impedance and load network impedance using

Zs = Zo
1 + Γs

1 − Γs
(3.48)

ZL = Zo
1 + ΓL

1 − ΓL
(3.49)

If gs = 1, thenCs = S∗
11 andrs = 0, so thatΓs = S∗

11, which is what we expect, since this is a
conjugate match.

If we conjugate match both the input and output, then we can have bothGs > 1 andGL > 1. How is
this possible with passive matching networks?
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3.3 Stability

After gain, the next key amplifier concept is stability. If anamplifier is unstable, noise feedback will lead to
oscillation. Stability can be determined from the reflection coefficientsΓin andΓout looking into the input
and output of the transistor. If the magnitude of one or both of these reflection coefficients is greater than
unity, then the amplifier is unstable.

SinceΓin andΓout depend on the reflection coefficientsΓs andΓL looking from the device into the source
and load, the matching networks determine the stability of the amplifier. There are two possible situations:

1. Unconditional stability:|Γin| < 1 and|Γout| < 1 for all passive source and load impedances (|Γs| <
1, |ΓL| < 1).

2. Conditional stability:|Γin| < 1 and|Γout| < 1 only for a certain range of source and load impedances.
This is also called potentially unstable. For this case, we design the source and load matching networks
to be such that the amplifier is in the stable region.

In order to determine the stability of an amplifier, we need toexamine the reflection coefficients looking into
the two device ports. The stability conditions are

|Γin| =

∣
∣
∣
∣
S11 +

S12ΓLS21

1 − S22ΓL

∣
∣
∣
∣
< 1 (3.50)

|Γout| =

∣
∣
∣
∣
S22 +

S12ΓsS21

1 − S11Γs

∣
∣
∣
∣
< 1 (3.51)

We will use these to find out what valuesΓs andΓL may take on in order to have stability.

Unilateral device. For a unilateral device,S12 = 0, and the stability conditions become

|S11| < 1 (3.52)

|S22| < 1 (3.53)

which are a function of the device only, and not the source andload matching networks.

Bilateral device. The bilateral case is more complicated, because stability depends on the source and load
matching networks. The boundary of the region of stability is defined by

|Γin| = |Γout| = 1 (3.54)

The first condition becomes

|S11(1 − S22ΓL) + S12ΓLS21| = |1 − S22ΓL| (3.55)

|S11 − ∆ΓL| = |1 − S22ΓL| (3.56)

where∆ = S11S22 − S12S21 is the determinant of the S-parameter matrix of the device. Squaring both
sides of the last expression leads to

|S11|2 + |∆|2|ΓL|2 − ∆ΓLS∗
11 + ∆∗Γ∗

LS11 = 1 + |S22|2|ΓL|2 − (S∗
22Γ

∗
L + S22ΓL) (3.57)
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Combining terms containingΓL gives

|ΓL|2 −
(S22 − ∆S∗

11)ΓL + (S∗
22 − ∆∗S11)Γ

∗
L

|S22|2 − |∆|2 =
|S11|2 − 1

|S22|2 − |∆|2 (3.58)

If we compare this to Eq. (3.44) for a circle in the complex plane, we find that the center and radius of the
circle in theΓL plane is

CL =
S∗

22 − ∆∗S11

|S22|2 − |∆|2 (3.59)

rL =

∣
∣
∣
∣

S12S21

|S22|2 − |∆|2
∣
∣
∣
∣

(3.60)

For the condition onΓout, we get similar expressions for the centerCs and radiusrs of the stability circle
in theΓs plane, withS11 andS22 interchanged. Why does the input stability condition lead to a circle for
ΓL, which is on the output side, and the output stability condition lead to a condition onΓs, the reflection
coefficient looking into the source network?

If we have a matched load, thenZL = Z0 andΓL = 0, so that

|Γin| = |S11| (3.61)

If |S11| < 1, the center of the Smith chart represents a stable value ofΓL. Otherwise, the center of the Smith
chart is in the unstable region. This can be used to determinewhether the inside or the outside of a stability
circle represents the stable region for a device.

In practice, it is good to be well inside the stable region, and to be sure thatΓs andΓL are inside the stable
region over a range of frequencies near the design frequency.

Unconditional stability. If a device is unconditionally stable, then the entire Smithchart (|Γ| < 1) is
inside the stability circles. It can be shown that a device isunconditionally stable if

1 − |S11|2
|S22 − S∗

11∆| + |S12S21|
> 1 (3.62)

and the greater this quantity is, the more stable the device.
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3.4 Bilateral Design

If S12 6= 0, the constant gain circle design approach used above needs some changes. For a bilateral device,
the transducer gain cannot be separated into independent factors for the source and load ports, so to achieve
a given value of the gain we would have to adjust bothΓs andΓL at the same time. To avoid this difficulty,
we will work with either the power gainGP or the available power gainGA since they are independent of
the source or load, respectively.

The power gain is

GP =
PL

Pin
=

1

1 − |Γin|2
|S21|2

1 − |ΓL|2
|1 − S22ΓL|2

(3.63)

The goal here is a way to findΓL given a specified power gain. First, we need to writeΓin in terms ofΓL,
using

|Γin| =

∣
∣
∣
∣
S11 +

S12S21ΓL

1 − S22ΓL

∣
∣
∣
∣
=

∣
∣
∣
∣

S11 − S11S22ΓL + S12S21ΓL

1 − S22ΓL

∣
∣
∣
∣
=

∣
∣
∣
∣

S11 − ∆ΓL

1 − S22ΓL

∣
∣
∣
∣

(3.64)

With this result, the power gain can be expressed as

GP =
1

1 −
∣
∣
∣
S11−∆ΓL

1−S22ΓL

∣
∣
∣

2 |S21|2
1 − |ΓL|2

|1 − S22ΓL|2
(3.65)

which is a function ofΓL and the device parameters only. We will use this expression to design the value of
ΓL to achieve a specified power gain, and then use a conjugate match for the source network.

The power gain normalized by the intrinsic transistor gain|S21|2 is

gP =
GP

|S21|2

=
1 − |ΓL|2

1 − S22ΓL − S∗
22Γ

∗
L + |S22ΓL|2 − |S11|2 + S∗

11∆ΓL + S11∆∗Γ∗
L − |∆ΓL|2

(3.66)

=
1 − |ΓL|2

1 − |S11|2 + |ΓL|2(|S22|2 − |∆|2) − ΓL(S22 − ∆S∗
11) − Γ∗

L(S∗
22 − ∆∗S11)

(3.67)

Cross multiplying and rearranging leads to

|ΓL|2 − ΓL
gP (S22 − ∆S∗

11)

D
− Γ∗

L

gP (S∗
22 − ∆∗S11)

D
+

gP (1 − |S11|2)
D

=
1

D
(3.68)

whereD = 1 + gP (|S22|2 − |∆|2). We recognize this as a circle in theΓL plane. The center and radius are

CP =
gP (S∗

22 − ∆∗S11)

1 + gP (|S22|2 − |∆|2) (3.69)

rP =
[1 − 2k|S12S21|gP + |S12S21|2g2

P ]1/2

|1 + gP (|S22|2 − |∆|2)| (3.70)

k =
1 − |S11|2 − |S22|2 + |∆|2

2|S12S21|
(3.71)

This is similar to the unilateral design procedure we developed earlier, except that we do not know the range
of possible values forgP .
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In order to understand the range of attainable gains in the bilateral case, we need to find out the maximum
value ofgP . Let the quantity inside the square brackets in the expression for rP be denoted byf(gP ), so
that

f(gP ) = 1 − 2k|S12S21|gP + |S12S21|2g2
P (3.72)

Since we must haverP > 0, thenf(gP ) > 0 as well. We can also see thatf(0) = 1. Using the quadratic
formula, the zeros off(gP ) are

g1,2 =
1

|S12S21|
[k ∓

√

k2 − 1] (3.73)

whereg1 corresponds to the upper sign andg2 to the lower. Using the zeros, we can factor the polynomial
into the product form

f(gP ) = |S12S21|2
[

gP − 1

|S12S21|
(k −

√

k2 − 1)

] [

gP − 1

|S12S21|
(k +

√

k2 − 1)

]

(3.74)

= |S12S21|2(gP − g1)(gP − g2) (3.75)

If we assume thatk > 1 (which is true for a transistor that is unconditionally stable), then both zeros are
positive.

Putting all of this together, we can see thatf(gP ) is a parabola that is one atgP = 0, goes negative atg1,
and becomes positive again atg2. Sincef(gP ) must be positive, we can see that the interval for physically
meaningful values of the normalized gain is0 ≤ gP ≤ g1. We therefore have

gP,max =
1

|S12S21|
[k −

√

k2 − 1] (3.76)

GP,max =

∣
∣
∣
∣

S21

S12

∣
∣
∣
∣
[k −

√

k2 − 1] (3.77)

Also, sincerP = 0 atgP = gP,max, CP becomes

ΓML =
gP,max(S

∗
22 − ∆∗S11)

1 + gP,max(|S22|2 − |∆|2) (3.78)

which is the value ofΓL that maximizesGP . These results provide a design approach for a bilateral transis-
tor amplifier.

Design Procedure

1. For the desired power gainGP , compute the normalized gaingp and plot the resulting gain circle on
theΓL plane.

2. Load reflection coefficient:Choose a value ofΓL on the gain circle.

3. Source reflection coefficient:ComputeΓin using the selected value forΓL. Conjugate match the
source, so thatΓS = Γ∗

in. For this matching condition,Pin = Pavs and thereforeGT = GP .

Our choice ofΓL produces a value forΓin which in turn determinesΓS. This value ofΓS results in a value
of Γout which determines the output VSWR. If we don’t like the outputVSWR that we obtain for some
reason, we can always choose a different value ofΓL.

We won’t take the time to prove this, but it can be shown that ifwe pickΓL = ΓML, thenΓ∗
out = ΓL. In

other words, maximizing the gain is equivalent to conjugatematching the input and output.
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3.5 Noise in Communications Systems

There are several types of noise that are included in communication systems.

1. Thermal Noise (Johnson or Nyquist noise): Created by thermal vibration of bound charges.

2. Shot Noise: Random fluctuations of charge carriers in a solid-state device.

3. Flicker Noise (1/f noise): Occurs in solid-state components. The noise power varies as1/f .

4. Plasma Noise: Random motion of charges in an ionized gas.

Thermal noise tends to be dominant in most systems, so we willconcentrate on this.

Consider a resistor with resistanceR at a temperatureT (in Kelvin). The kinetic energy of the electrons is
proportional toT . The random motion of the electrons create voltage fluctuations at the resistor terminals.
The voltage has zero average, but the RMS value is given by Planck’s blackbody radiation equation

vn =

√

4hfBR

ehf/kBT − 1
(3.79)

where

B Bandwidth in Hertz
h Planck’s constant =6.546 × 10−34 J·sec
kB Boltzmann’s constant =1.380 × 10−23 J/K
f frequency (Hz)

If the frequency is large, sayf = 100 GHz, and the temperature is low, so thatT = 100K, then

hf = 6.5 × 10−23 ≪ kBT = 1.38 × 10−21 (3.80)

This means that the exponenthf/kBT is very small. The inequality gets even larger for microwavefre-
quencies at room temperature (T = 273 K). Because of this, at microwave frequencies the exponential can
be approximated by the first two terms of the Taylor series,

ehf/kBT ≈ 1 +
hf

kBT
(3.81)

This simplifies the RMS voltage to

vn ≈
√

4hfBR

1 + hf/kBT − 1
=

√

4kBTBR (3.82)

In this approximation,vn is independent of frequency. For this reason, the thermal noise signal is called
“white noise”. We generally model the noise voltage as a random variable with a zero mean Gaussian dis-
tribution and variancev2

n. Given multiple noise sources, the distributions are independent. Mathematically,
this means that if you combine multiple noise sources, the variance of the sum is equal to the sum of the
variances (we add the noise powers, not the voltages).
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